In this paper we prove the existence of infinitely many compatible systems {ρ ℓ
Introduction
A strategy to address the inverse Galois problem over Q consists of studding the image of continuous representations of the absolute Galois group G Q := Gal(Q/Q). More precisely, let ρ : G Q → GL n (F ℓ s ) be a continuous representation. As ker ρ ⊆ GL n (F ℓ s ) is an open subgroup, there exists a finite Galois extension K/Q such that ker ρ = G K := Gal(K/K). Therefore
This reasoning shows that, whenever we are given a Galois representation of G Q over a finite field F ℓ s , we obtain a realization of Imρ ⊆ PGL n (F ℓ s ) as a Galois group of Q.
By using this strategy and the notion of good-dihedral representations (or some generalization), introduced by Khare and Wintenberger in their proof of Serre's modularity conjecture [KW09] , several cases of the inverse Galois problem for projective symplectic groups has been proved (see [Wi08] , [DW11] , [KLS08] and [ADSW15] ).
Following this idea, in this paper we show that there exist compatible systems R = {ρ ℓ } ℓ of n-dimensional Galois representations ρ ℓ : G Q → GL n (Q ℓ ) (n even) such that the image of ρ proj ℓ (the projectvization of the reduction of ρ ℓ ) is an almost simple group for almost all ℓ, i.e., S ≤ Im(ρ proj ℓ ) ≤ Aut(S) for some non-abelian simple group S. Moreover, for some low dimensions (at most n = 12), we prove that the image of ρ proj ℓ is a symplectic or orthogonal group for almost all ℓ.
More precisely, we start by introducing the notion of maximally induced representations of S-type and O-type (see Definiton 4.3), which are a generalization of the good-dihedral representations. With this tool and the classification of the maximal subgroups of the finite almost simple classical groups (due to Aschbacher [As84] ) we prove a representation-theoretic result which gives us a set of local conditions needed to construct compatible systems R = {ρ ℓ } ℓ of n-dimensional Galois representations such that the image of ρ proj ℓ is an almost simple group for almost all ℓ.
A well known fact in arithmetic geometry is that, given a RAESDC (regular algebraic, essentially self-dual, cuspidal) automorphic representation of GL n (A Q ), there exist a compatible system associated to it. Then, in order to prove the existence of compatible systems as mentioned above, we prove the existence of RAESDC automorphic representations of GL n (A Q ) with certain appropriate local types (see Section 6). To do this we use the Arthur's work [Ar13] on endoscopic classification of automorphic representations for symplectic and orthogonal groups combined with some slightly modified results of Shin [Shi12] .
Finally, by using the classification of the maximal almost simple groups contained in the symplectic and orthogonal groups of small dimension we give a refinement of our main result. More precisely, we prove that if ρ ℓ is a maximally induced representation of S-type and 6 ≤ n ≤ 12, the image of ρ proj ℓ is either PSp n (F ℓ s ) or PGSp n (F ℓ s ) and if ρ ℓ is a maximally induced representation of O-type and n = 12, the image of ρ An immediate consequence of this results is that the previous groups occurs as a Galois group over Q for infinitely many primes ℓ and infinitely many positive integers s.
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Notation
Here we list some notation to be used throughout the article. If K is a perfect field, we denote by K an algebraic closure of K and by G K the absolute Galois group Gal(K/K). Let χ ℓ denote the ℓ-adic cyclotomic character and χ ℓ its reduction modulo ℓ. If K is a number field or a finite extension of Q p , we denote by O K its ring of integers. For a maximal ideal p of O K , we let D p and I p be the corresponding decomposition and inertia group at p respectively, and we denote by Frob p the geometric Frobenius. Finally, WD(ρ)
F −ss will denote the Frobenius semisimplification of the Weil-Deligne representation attached to a representation ρ of G Qp and rec is the notation for the Local Langlands Correspondence which attaches to an irreducible admissible representation of GL n (Q p ) a Weil-Deligne representation of the Weil group W Qp as in [HT01] .
Preliminaries on classical groups
Due to the notation for orthogonal and sympectic groups is not standard, we include this section in order to fix the notation that we will use through this paper. Our main references are [BHRD13] and [KL90] .
Let n be a positive integer, K a field of characteristic different from 2 and V an n-dimensional K-vector space with a non degenerate bilinear pairing ·, · . We define the similitude group of ·, · as
The character m : ∆(V ) → K * is called the multiplier (or similitude factor ). The isometry group of ·, · is the subgroup I(V ) of ∆(V ) of elements with multiplier 1 and the special group of ·, · is the subgroup S(V ) of ∆(V ) consisting of all matrices with determinant 1.
Let B = {e 1 , . . . , e n } be a basis of V . We define the matrix of the pairing ·, · with respect to B as J = (b ij ) n×n , where b ij = e i , e j for all i and j. In particular, if ·, · is alternating, it can be shown that n is even and that we can choose a basis such that the matrix of ·, · has the standard form
Then we can define the symplectic similitude group of the alternating pairing ·, · as GSp n (K) := ∆(V ) and the symplectic group of ·, · as Sp n (K) := I(V ). Note that in this case all elements of Sp n (K) have determinant one, then Sp n (K) = S(V ) too. On the other hand, if ·, · is a symmetric pairing, we define the orthogonal similitude group of ·, · as GO(V ) := ∆(V ) and the orthogonal group of ·, · as O(V ) := I(V ), whose elements have determinant ±1. Finally, we define the special orthogonal group of ·, · as SO(V ) = S(V ). Since K is a field of characteristic different from 2, it can be shown that for each symmetric pairing there exists a basis such that its matrix is diagonal. If K is an algebraically closed field, it can be shown that all symmetric pairings are equivalent. Then in this case we take the identity matrix I n as the matrix of the standard symmetric form. For such form, we will write GO n (K), O n (K) and SO n (K) instead GO(V ), O(V ) and SO(V ).
Let ℓ be an odd prime and r be a positive integer. If K is a finite field of order ℓ r and n is even, there are precisely two symmetric pairings on V (up to equivalence), corresponding to the cases when the determinant of the matrix of the form is a square or non square of K × . We say that a symmetric pairing ·, · has plus type if its matrix is equivalent to
otherwise it has minus type. As expected, J + will be the matrix of our standard symmetric pairing of plus type. For the minus type we will use the matrix I n when it is not equivalent to J + (this occurs if and only if n ≡ 2 mod 4 and ℓ r ≡ 3 mod 4). Otherwise, our standard symmetric pairing of minus type will have matrix
where ω is a fixed primitive element of K × . Then for our standard symmetric pairing of plus type (resp. minus type) we will write GO
In contrast with the symplectic case where the projectivization PSp n (K) of Sp n (K) (with n ≥ 4 and K a finite field of odd characteristic) is a simple group, in the orthogonal case this does not happen. Then we need to define the quasisimple classical group of the symmetric form ·, · as Ω(V ) := I ′ (V ), the derived subgroup of I(V ). In particular, if K is a finite field of odd characteristic, we denote by Ω + n (K) and Ω − n (K) the quasisimple orthogonal group of plus type and minus type respectively. In particular, if V is a vector space with a symmetric pairing over a finite field of odd characteristic and n ≥ 8, it can be proved that PΩ(V ) is a simple group (see Theorem 2.1.3 of [KL90] ).
A useful tool, through this paper, will be to know the indices between the projectivizations of the symplectic and orthogonal groups defined above when K is a finite field of odd characteristic. These indices are:
where the values of a + and a − are defined by the following conditions: a ± ∈ {1, 2}, a + a − = 2, and a + = 2 if and only if n(ℓ r − 1)/4 is even.
Polarized representations
In this section we will review some facts about regular algebraic, essentially self-dual, cuspidal automorphic representations of GL n (A Q ) and the Galois representations associated to them.
Let ℓ be a prime and ι : Q ℓ ∼ = C be a fixed isomorphism. By a polarized Galois representation of G Q we will mean a pair (ρ, ϑ), where
are continuous homomorphisms such that there is ε ∈ {±1} and a non degenerated pairing ·, · on Q n ℓ such that x, y = ε x, y and ρ(σ)x, ρ(cσc)y = ϑ(σ) x, y for a complex conjugation c and for all x, y ∈ Q n ℓ and all σ ∈ G Q . Note that (ρ, ϑ) is polarized Galois representation if and only if either ϑ(c) = −ε and ρ factors through GSp n (Q ℓ ) with multiplier ϑ or η(c) = ε and ρ factors through GO n (Q ℓ ) with multiplier ϑ. Finally, we say that (ρ, ϑ) is totally odd if ε = 1.
On the other hand, by a RAESDC (regular algebraic, essentially self-dual, cuspidal) automorphic representation of GL n (A Q ) we mean a pair (π, µ) consisting of a cuspidal automorphic representation π = π ∞ ⊗ π f of GL n (A Q ) and a continuous character µ :
i) (regular algebraic) π ∞ has the same infinitesimal character as an irreducible algebraic representation of GL n .
Note that µ is necessarily algebraic, i.e., there exist an integer α such that
Then, for a fixed prime ℓ and an isomorphism ι : Q ℓ ∼ = C, we can attach to µ a unique continuous character
Qp is the Artin map normalized to send uniformizers to geometric Frobenius elements.
Let a = (a i ) ∈ Z n such that a 1 ≥ . . . ≥ a n and let Ξ a denotes the irreducible algebraic representation of GL n with highest weight a. We say that a RAESDC automorphic representation (π, µ) of GL n (A Q ) has weight a if π ∞ has the same infinitesimal character as Ξ ∨ a . Thanks to the work of Caraiani, Chenevier, Clozel, Harris, Kottwitz, Shin, Taylor and several others (see [Car12] , [Car14] and [CH13] ), we can associate compatible systems of Galois representations to RAESDC automorphic representations as follows.
Theorem 2.1. Let (π, µ) be a RAESDC automorphic representation of GL n (A Q ) and S be the finite set of primes p such that π p is ramified. Then there is a compatible system of semi-simple Galois representations
unramified outside S ∪ {ℓ} and such that the following properties are satisfied.
) is a totally odd polarized Galois representation, where χ ℓ denotes the ℓ-adic cyclotomic character.
ii) ρ ℓ,ι (π), restricted to a decomposition group at ℓ, is de Rham and if ℓ / ∈ S, it is crystalline.
iii) The set of Hodge-Tate weights HT(ρ ℓ,ι (π)) of ρ ℓ,ι (π) is equal to
. . , a n }.
In particular, they are n different numbers and they are independent of ℓ.
iv) Whether p ∤ ℓ or p|ℓ, we have:
We will say that a compatible system R = {ρ ℓ } ℓ of Galois representations ρ ℓ : G Q → GL n (Q ℓ ) is totally odd polarizable if there is a compatible system Θ = {ϑ ℓ } ℓ of characters ϑ ℓ : G Q → Q ℓ such that (ρ ℓ , ϑ ℓ ) is a totally odd polarized Galois representation for all ℓ. In particular, the compatible system R(π) = {ρ ℓ,ι (π)} ℓ associated to a RAESDC automorphic representation (π, µ) of GL n (A Q ) as in the previous theorem is totally odd polarizable with ϑ ℓ = χ 1−n ℓ ρ ℓ,ι (µ).
Regular representations
Let ρ ℓ : G Q → GL n (F ℓ ) be a mod ℓ Galois representations. Recall that ρ ℓ is regular, in the sense of [ADW16] , if there exist an integer s between 1 and n, and for each i = 1, . . . , s a set A i = {a i,1 , . . . , a i,ri } of natural numbers 0 ≤ a i,j ≤ ℓ − 1 of cardinality r i , with r 1 + · · · + r s = n (i.e., all the a i,j are distinct) such that if we denote by B i the matrix
with ψ ri a fixed choice of a fundamental character of niveau r i and b i = a i,1 +a i,2 ℓ+· · ·+a i,ri ℓ ri−1 , then
The elements of A := A 1 ∪ · · · ∪ A s are called tame inertia weights of ρ. We say that ρ has tame inertia weights at most k if A ⊆ {0, 1, . . . , k}.
Under the assumption of regularity and boundedness of tame inertia weights, we have the following useful result which was proved in section 3 of [ADW16] .
Lemma 3.1. Let n, k ∈ N, with n even, and ρ : G Q → GL n (F ℓ ) be a Galois representation which is regular with tame inertia weights at most k. Assume that ℓ > kn! + 1. Then all n!-th powers of the characters on the diagonal of ρ| I ℓ are distinct.
Let K/Q be a finite extension of degree d and ρ 0 : G K → GL m (F ℓ ) be a Galois representation. Let V 0 be the F ℓ -vector space underlying ρ 0 . The induced representation Ind
). Then by using the previous lemma we can prove the following result about the ramification of induced representations.
Corollary 3.2. Let n, m, k ∈ N, a ∈ Z and ℓ > kn!+1 be a prime. Let K/Q be a finite extension of degree d such that dm = n, ρ 0 : G K → GL m (F ℓ ) be a Galois representation and ρ = Ind Keeping the same notation as in the previous paragraphs we define the tensor induced representation ⊗-Ind
Note that for all σ ∈ G Q the map γ i → γ σ(i) is a permutation of {1, . . . d} which is trivial if and olny if σ ∈ G K , where K denotes the Galois closure of K/Q. Then for each σ ∈ G K we have that (⊗-Ind
Corollary 3.3. Let n, m, k ∈ N, a ∈ Z and ℓ > kn! + 1 be a prime. Let K/Q be a finite extension of degree d such that
ℓ ⊗ ρ is regular with tame inertia weights at most k, then K/Q does not ramify at ℓ.
Proof. Let V 0 be the F ℓ -vector space underlying ρ 0 . For all γ ∈ G Q , we define
. Let Λ be a fixed prime of K above ℓ, I Λ ⊆ G K be the inertia group at the prime Λ and I ℓ,w ⊆ I ℓ be the wild inertia group at ℓ. Let σ ∈ I ℓ and τ ∈ I Λ . Since I ℓ /I ℓ,w is cyclic, we have that the commutator σ −1 τ στ −1 belongs to I ℓ,w and since I Λ ⊆ I ℓ is normal, we have that
and γ ρ 0 (τ ) have exactly the same eigenvalues.
If we assume that K/Q ramifies at ℓ, we can pick σ ∈ I ℓ \ G K , and as
where one factor is γ ρ 0 (τ ) and another factor is
On the other hand, by Lemma 3.1 we have that the n!-powers of the characters on the diagonal of χ a ℓ ⊗ ρ| I ℓ are all different, which implies that the characters on the diagonal of β| IΛ are all different. Thus γ ρ 0 (τ ) and γ ρ 0 (σ −1 τ σ) cannot have the same eigenvalues for all τ ∈ I Λ . Then we have a contradiction.
Maximally induced representations
Let n = 2m be an even integer and p, q > n be distinct odd primes such that the order of q mod p is n. Denote by Q q n the unique unramified extension of Q q of degree n and recall that Q
where µ q n −1 is the group of (q n − 1)-th roots of unity and U 1 is the group of 1-units.
Definition 4.1. Let ℓ be a prime distinct from p and q. A character
is of S-type (resp. of O-type) if satisfies the following conditions: i) χ q has order 2p (resp. p), ii) χ q | µ q n −1 ×U1 has order p, and iii) χ q (q) = −1 (resp. χ q (q) = 1).
Note that a character of S-type and O-type is tame. Recall that a character of Q × q n is tame if it is trivial on U 1 . By local class field theory we can regard χ q as a character (which by abuse of notation we call also χ q ) of G Q q n or of W Q q n . Then we can define the Galois representation
Lemma 4.2. Let χ q be a character of S-type (resp. of O-type). Then the representation ρ q is irreducible and symplectic (resp. orthogonal) in the sense that it can be conjugated to take values in Sp n (Q ℓ ) (resp. SO n (Q ℓ )). Moreover, if α : G Qq → Q × ℓ is an unramified character, then the residual representation ρ q ⊗ α is also irreducible.
Proof. As the order of χ q restricted to the inertia group at q is p and the order of q mod p is n, the characters χ q , χ, . . . , χ q n−1 q are all distinct. Then ρ q is irreducible. Moreover, since χ q is tame and χ q | Q × q m is of order 2 or trivial (according to whether χ q is of S-type or of O-type), Theorem 1 of [Moy84] implies that ρ q is symplectic or orthogonal.
Let χ q (resp. α) be the composite of χ q (resp. α) with the projection Z ℓ ։ F ℓ . Note that the image of the reduction of ρ q in GL n (F ℓ ) is Ind
, which is an irreducible representation.
Since α is unramified, the order of the restriction of χ q ⊗ (α| Q q n ) to the inertia group at q is p.
Then as the order of q mod p is n, the n characters (χ q ⊗ (α| Q q n )), (χ q ⊗ (α| Q q n )) q , . . . , (χ q ⊗ (α| Q q n )) q n−1 are different which implies the irreducibility of ρ q ⊗ α = Ind
Definition 4.3. Let p, q and ℓ be primes as above. We say that a Galois representation
is maximally induced of S-type (resp. O-type) at q of order p if the restriction of ρ to a decomposition group at q is equivalent to Ind
where χ q is a character of S-type (resp.
O-type) and α :
Note that if χ q is a character of S-type (resp. O-type), then the image G q of ρ q is homomorphic to a non-abelian extension of Z/nZ by Z/2pZ (resp. by Z/pZ) such that Z/nZ acts faithfully on Z/pZ ⊆ Z/2pZ. Then we have the following result.
Lemma 4.4. Let ℓ be a prime different from p and q. Then every irreducible representation of G q over F ℓ has dimension 1 or dimension at least n.
Proof. The proof is adapted from Lemma 2.1 of [KLS08] where the case χ q of S-type is dealt. Then we can assume that χ q is of O-type. In this case we have the following exact sequence
with Z/nZ acting on Z/pZ faithfully. Note that the restriction of any such representation to Z/pZ is a direct sum of characters because ℓ is different from p. If every character is trivial, then the original representation factors through Z/nZ which is abelian, so 1-dimensional.
Otherwise, a non-trivial character χ of Z/pZ appears. Then, every character obtained by composing χ with an automorphism of Z/pZ coming from the action of Z/nZ likewise appears. As there are n such characters, the original representation must have degree at least n.
Lemma 4.5. Let ℓ be a prime different from p and q. Then every faithful n-dimensional representation of G q over F ℓ is tensor-indecomposable.
Proof. Assume that there exists a faithful n-dimensional representation of G q which is tensordecomposable. Then it can be written as a tensor product ρ 1 ⊗ · · · ⊗ ρ h of irreducible representations of G q over F ℓ of dimension greater than 1 but smaller than n. So by Lemma 4.4 we obtain a contradiction.
Study of the images I (geometric cases)
The main goal of this section is to show that, for a totally odd polarizable compatible system R = {ρ ℓ } ℓ of Galois representations which are maximally induced at q of order p, for an "appropriate" couple of primes (p, q), the image of ρ proj ℓ is an almost simple group (i.e., a group H such that S H Aut(S) for some non-abelian simple group S) for almost all ℓ. Then, in order to state our main result we start giving a basic lemma which explains what we mean by an appropriate couple of primes.
Lemma
Proof. First, choose a prime p greater than M and such that p ≡ 1 mod n. Then Chevotarev's Density Theorem allows us to choose a prime q > M (from a set of positive density) which is completely split in L 0 and such that q n/2 ≡ −1 mod p.
The main result of this paper is the following:
Theorem 5.2. Let k, n, N , M , p, q and L 0 as in Lemma 5.1. Let R = {ρ ℓ } ℓ be a totally odd polarizable compatible system of Galois representations ρ ℓ : G Q → GL n (Q ℓ ) such that for every prime ℓ, ρ ℓ ramifies only at the primes dividing N qℓ. Assume that for every ℓ > kn! + 1 a twist of ρ ℓ by some power of the cyclotomic character is regular with tame inertia weights at most k and that for all ℓ = p, q, ρ ℓ is maximally induced of S-type or O-type at q of order p. Then for all primes ℓ different from p and q, the image of ρ proj ℓ is an almost simple group.
As the Galois representations ρ ℓ in the previous theorem are totally odd polarized we can ensure that the image of ρ ℓ lies in an orthogonal or symplectic group. Then the first step in the proof of this theorem is to identify the maximal subgroups of GSp n (F ℓ r ) and GO ± n (F ℓ r ). Such subgroups were classified by Aschbacher in [As84] as follows (see also [KL90] and [BHRD13] ).
Let ℓ be a prime and n, r ∈ N with n even. Let G be a maximal subgroup of GSp n (F ℓ r ) or GO ± n (F ℓ r ) which does not contain Sp n (F ℓ r ) or Ω ± (F ℓ r ) respectively. If n ≥ 6 in the symplectic case or n ≥ 10 in the orthogonal case, then at least one of the following holds: i) G stabilizes a totally singular or a non-singular subspace;
iii) G stabilizes an extension field of F ℓ r of prime index dividing n;
vi) G normalizes an extraspecial or a symplectic type group; or vii) the projectivization of G is an almost simple group.
Remark 5.3. In the orthogonal case we assume n ≥ 10 because: Then the Aschbacher's classification does not apply in these cases. In the symplectic case we assume n ≥ 6 because the cases PGL 2 (F ℓ r ) and PGSp 4 (F ℓ r ) have been studied in [DW11] and [DZ17] respectively. Now, we are ready to give the proof of Theorem 5.2, which will be given by showing that G ℓ = Im(ρ ℓ ) is not contained in any subgroup of geometric type, i.e., cases i)-vi) in the previous classification.
-Reducible cases
Let V be the space underlying ρ ℓ . Suppose that G ℓ corresponds to case i) of Aschbacher's classification, then G ℓ stabilizes a proper non-zero totally singular or a non-degenerated subspace of V . Therefore G ℓ does not act irreducibly on V . But, according to Lemma 4.2, if ℓ = p, q, G ℓ acts irreducibly on V . Hence, if we assume ℓ different from p and q, the reducible case cannot happen.
-Imprimitive and field extension cases
If G ℓ corresponds to an irreducible subgroup in cases ii) and iii) of Aschbacher's classification, then there exists a normal subgroup H ℓ of index at most n! of G ℓ such that
with 1 < t ≤ n and H ℓ reducible (not necessarily over F ℓ r ).
Let L be the Galois extension of Q corresponding to H ℓ and Γ q the image of ρ q . Note that as ρ ℓ (I q ) has order p and (p, n!) = 1, L/Q is unramified at q. Then from the ramification of ρ ℓ we have that L is unramified outside {ℓ, p 1 , . . . , p w }, where p 1 , . . . , p w are the primes smaller than or equal to the bound M . If ℓ > kn! + 1 and different from p and q, it follows from Corollary 3.2 that L is unramified at ℓ and if ℓ ≤ kn! + 1, then ℓ ∈ {p 1 , . . . , p w }. Then in both cases L is contained in L 0 . This implies that q is completely split in L and therefore Γ q is contained in H ℓ for all primes ℓ different from p and q, and according to Lemma 4.2, M ℓ should be absolutely irreducible. Then we have a contradiction.
-Tensor product cases
Now assume that G ℓ corresponds to a subgroup in the case iv) of Aschbacher's classification, then the representation ρ ℓ can be written as a tensor product ρ 1 ⊗ ρ 2 of two representations ρ 1 and ρ 2 with dim(ρ i ) < n for i = 1, 2. Then as G ℓ contain Γ q for all primes ℓ different from p and q, we have that the restriction of ρ ℓ to D q arises from the tensor product of two representations over F ℓ of dimension greater than 1 and smaller than n. But, by Lemma 4.5 we have that this restriction is tensor-indecomposable. Then we have a contradiction.
-Tensor induced cases
Similarly to § 5.2, if G ℓ corresponds to an irreducible subgroup in case v) of Aschbacher's classification, then there exists a normal subgroup T ℓ of index at most n! of G ℓ such that
with 1 < t ≤ n and T ℓ tensor-decomposable.
Let L be the Galois extension of Q corresponding to T ℓ . From the ramification of ρ ℓ we have that L is unramified outside {ℓ, q, p 1 , . . . , p w }, where p 1 , . . . , p w are the primes smaller than or equal to the bound M . Note that due to ρ ℓ (I q ) has order p and (p, n!) = 1, then L/Q is unramified at q. Moreover, if ℓ > kn! + 1 and different from p and q, it follows from Corollary 3.3 that L is unramified at ℓ and if ℓ ≤ kn! + 1, then ℓ ∈ {p 1 , . . . , p w }. Thus L is contained in L 0 which implies that q is completely split in L and therefore Γ q is contained in T ℓ for all primes ℓ different from p and q. So Lemma 4.5 implies that T ℓ is tensor-indescomposable, so we have a contradiction.
-Extraspecial cases
Recall that a 2-group R is called extraspecial if its center Z(R) is cyclic of order 2 and the quotient R/Z(R) is a non-trivial elementary abelian 2-group. For any integer m > 0 there are two types of extraspecial groups of order 2 1+2m . We write 2 1+2m +
for the extraspecial group of order 2 1+2m which is isomorphic to a central product of m copies of D 8 and we write 2 1+2m − for the extraspecial group of the same order but that is isomorphic to a central product of m − 1 copies of D 8 and one of Q 8 . Now suppose that G ℓ corresponds to case vi) of Aschbacher's classification. First, observe that according to Table 3 .5.F of [KL90] there are no subgroups of GO − n (F ℓ r ) belonging to this case, then we can assume that G ℓ is either a subgroup of GO + n (F ℓ r ) or a subgroup of GSp n (F ℓ r ). Moreover, according to Table 3 .5.E of loc. cit., G ℓ lies in this case only if n = 2 m , r = 1, ℓ ≥ 3; and . From (4.6.1) of [KL90] we have that the projective image PG ℓ of G ℓ in PGO 
Then case vi) of Aschbacher's classification cannot happen because we have chosen p not dividing 2 m i=1 (2 2i − 1).
-Conclusion
Having gone through the cases i)-vi) of Aschbacher's classification, we have only two possibilities for G ℓ : either G ℓ lies in case vii) in which case PG ℓ is almost simple or PG ℓ contains PSp n (F ℓ r ) (resp. PΩ ± n (F ℓ r )) and is contained in PGSp n (F ℓ r ) ≤ Aut(PSp n (F ℓ r )) (resp. PGO (F ℓ r )) ). Since we assume that n ≥ 6 in the symplectic case and n ≥ 10 in the orthogonal case, we have from Theorem 2.1.3 of [KL90] that PSp n (F ℓ r ) and PΩ ± n (F ℓ r ) are non-abelian simple groups. Then PG ℓ is also almost simple. So we can conclude that for all odd primes ℓ different from p and q, the image of ρ proj ℓ as in Theorem 5.2 is an almost simple group.
Existence of compatible systems with prescribed local conditions
Te goal of this section is to prove the existence of totally odd polarized compatible systems of Galois representations satisfying Theorem 5.2 via automorphic representations. We closely follow the arguments in [ADSW15] .
We start with an existence theorem of automorphic representations for split classical groups over Q which are based on the principle that the local components of automorphic representations at a fixed prime are equidistributed in the unitary dual of a reductive group according to an appropriate measure. More precisely:
Theorem 6.1. Let G be a split classical group over Q such that G(R) has discrete series. Let S be a finite set of primes andÛ p be a prescribable subset for each p ∈ S. Then there exist cuspidal automorphic representations τ of G(A Q ) such that i) τ p ∈Û p for all p ∈ S, ii) τ is unramified at all finite places away from S, and iii) τ ∞ is a discrete series whose infinitesimal character is sufficiently regular.
For the definiton of prescribable subsets and suficiently regular characters we refer to Section 3.1 and Section 3.2 of [ADSW15] respectively.
Proof. This result is the analogue of Theorem 5.8 of [Shi12] except that here we are not assuming that the center of G is trivial. However, in this case we can fix a central character and apply the trace formula with fixed central character as in Section 3 of [Bin16] to deduce the exact analogue of Theorem 4.11 and Corolary 4.12 of [Shi12] . Then our result can be deduced in the same way as in [Shi12, Theorem 5.8].
On the other hand, Arthur has recently classified local and global automorphic representations of symplectic and special orthogonal groups via twisted endoscopy relative to general linear groups [Ar13] . For our purpose it suffices to consider the split special orthogonal groups:
• SO 2m+1 with the natural embedding ξ : Sp 2m (C) → GL 2m (C), m ∈ N, and
• SO 2m with the natural embedding ξ
Recall that if v is a finite (resp. archimedean) place and
is of symplectic type (resp. orthogonal type) if it preserves a suitable alternating (resp. symmetric) form on the 2m-dimensional space, or equivalently, if φ v factors through ξ (resp, ξ ′ ) possibly after conjugation by an element of GL 2m (C).
For each local L-parameter φ v :
) consisting of finitely many irreducible representations of SO 2m+1 (Q v ) (resp. SO 2m (Q v )). Moreover, each irreducible representation belongs to the L-packet for a unique parameter up to equivalence. If φ v (resp. φ ′ v ) has finite centralizer group in Sp 2m (C) (resp. SO 2m (C)) so that it is a discrete parameter, then
consists only of discrete series. Let τ (resp. τ ′ ) be a discrete automorphic representation of SO 2m+1 (A Q ) (resp. SO 2m (A Q )). Arthur shows the existence of a self-dual isobaric automorphic representation π (resp. π ′ ) of GL 2m (A Q ) which is a functorial lift of τ (resp. τ ′ ) along the embedding ξ : Sp 2m (C) → GL 2m (C) (resp. ξ ′ : SO 2m (C) → GL 2m (C)). In the generic case in the sense of Arthur (i.e., when the SL 2 -factor in the global A-parameter for τ (resp. τ ′ ) has trivial image) this means that for the unique τ v (resp. τ
for all places v of Q. Let ρ q (resp. ρ ′ q ) be a representation induced from a character of S-type (resp. O-type) as in Section 4, and WD(ρ q ) (resp. WD(ρ ′ q )) the associated Weil-Deligne representation which gives rise to a local L-parameter φ q (resp. φ ′ q ) for GL 2m (Q q ). Since ρ q (resp. ρ ′ q ) is irreducible and symplectic (resp. orthogonal) the parameter φ q (resp. φ ′ q ) factors through Sp 2m (C) ⊆ GL 2m (C) (resp. SO 2m (C) ⊆ GL 2m (C)), possibly after conjugation, and defines a discrete L-parameter of SO 2m+1 (Q q ) (resp. SO 2m (Q q )). Then the L-packet Π φq (SO 2m+1 (Q q )) (resp. Π φ ′ q (SO 2m (Q q ))) consists of finitely many discrete series of SO 2m+1 (Q q ) (resp. SO 2m (Q q )). * This last restriction is because SO 2m (R) has no discrete series if m is odd.
Remark 6.2. The proof of Arthur's results are still conditional on the stabilization of the twisted trace formula and a few expected technical results in harmonic analysis. However, recently Moeglin and Waldspurger have been announced that the proof of Arthur's results are now unconditional (see [MW17a] and [MW17b] ).
Theorem 6.3. There exist self-dual cuspidal automorphic representations π of GL n (A Q ) with trivial central character such that i) π is unramified outside q,
iii) π ∞ is of symplectic (resp. orthogonal) type and regular algebraic.
Proof. The proof of this theorem is analogous to the proof of Theorem 3.4 of [ADSW15] , i.e., by applying Theorem 6.1 with S = {q} andÛ q = Π φq (SO 2m+1 (Q q )) (resp.Û q = Π φ ′ q (SO 2m (Q q ))). × . Then (π, µ triv ) is a RAESDC automorphic representation of GL n (A Q ) and the compatible system R(π) = {ρ ℓ,ι (π)} ℓ associated to (π, µ triv ) as in Theorem 2.1 is totally odd polarizable for the compatible system of characters {χ
Note that R(π) is Hodge-Tate regular and for every ℓ = q, ρ ℓ,ι (π) is crystalline. Let a ∈ Z be the smallest Hodge-Tate weight and let k be the greatest difference between any two Hodge-Tate numbers. By Fontaine-Laffaille theory, we have that for every prime ℓ such that ℓ > k + 2 and ℓ = q, the representation χ a ℓ ⊗ρ ℓ,ι (π) is regular and the tame inertia weights of this representation are bounded by k.
Finally, taking p and q as in Lemma 5.1 with N = 1 and by part ii) of Theorem 6.3, we have that ρ ℓ,ι (π) is maximally induced of S-type or O-type at q of order p for all prime ℓ different from p and q.
Remark 6.5. From the local global compatibility, we have that the Frobenius semisimplification of ρ ℓ,ι (π)| G Qp is isomorphic to rec p (π p ) ⊗ | |
(1−n)/2 for all p = ℓ. The by the self-duality of π and Chevotarev's Density Theorem, we have that ρ ∨ ℓ,ι (π) = ρ ℓ,ι (π)| | n−1 and then ρ ℓ,ι (π) acts by either orthogonal or symplectic similitudes on Q × ℓ with similitude factor | | n−1 . Although it is possible for an irreducible representation to act by both orthogonal and symplectic similitudes, this is not possible if the factor of similitude are the same. Since ρ q (resp. ρ ′ q ) as above is irreducible, then WD(ρ q ) (resp. WD(ρ ′ q )) and WD(ρ ℓ,ι )(π)| G Qq are already Frobenius semisimple. Thus,
is an irreducible symplectic (resp. orthogonal) representation, it follows that ρ ℓ,ι (π) is irreducible and symplectic (resp. orthogonal) with similitude factor | | n−1 . Therefore the image of ρ ℓ,ι (π) may be conjugate in GSp n (Q ℓ ) (resp. GO n (Q ℓ )) to a subgroup of GSp n (Z ℓ ) (resp. GO n (Z ℓ )).
Study of the images II (almost simple groups)
In this section we will give some refinements of Theorem 5.2 for some low-dimensional symplectic and orthogonal groups. More precisely we will prove the following result.
Theorem 7.1. Let R = {ρ ℓ } ℓ be a totally odd polarizable compatible system of Galois representations ρ ℓ : G Q → GL n (Q ℓ ) as in Theorem 5.2. Then for almost all primes ℓ we have that:
i) If the image of ρ ℓ is contained in GSp n (Q ℓ ) and 6 ≤ n ≤ 12, then the image of ρ proj ℓ is equal to PSp n (F ℓ s ) or PGSp n (F ℓ s ) for some integer s > 0.
ii) If the image of ρ ℓ is contained in GO 12 (Q ℓ ), then the image of ρ In order to prove this theorem we need a more precise description of the almost simple groups in the Aschbacher's classification.
Definition 7.2. Let G be a subgroup of GSp n (F ℓ r ) (resp. of GO ± n (F ℓ r )) and
where G (i) denotes the i-th derived subgroup of G. We say that G is of class S if and only if all of the following holds: i) PG is almost simple, ii) G ∞ acts absolutely irreducible, and Lemma 7.4. Let G be a subgroup of GSp n (F ℓ r ) (resp. of GO ± n (F ℓ r )) such that it does not lie in cases i)-vi) of Aschbacher's classification, then one of the following holds:
, by the main result of [KL90] , it lies in one of the classes C 5 or S (in the notation of loc. cit.). Then if G lies in class C 5 , G lies in case ii) by definition. Otherwise, from the previous remark we have that G is of class S.
Then to prove Theorem 7.1 we just need to show that the image of ρ ℓ is not of class S. According to Chapter 4 and 5 of [BHRD13] , at least in dimension smaller than or equal to 12, the groups of class S are divided in two classes as follows. We say that a group G of class S lies in the class of defining characteristic, denoted by S 2 , if G ∞ is isomorphic to a group of Lie type in characteristic ℓ, and G lies in the class of cross characteristic, denoted by S 1 , otherwise. For a fixed dimension the set of orders of the cross characteristic groups is bounded above. In contrast, the groups in defining characteristic have unbounded order. Now we are ready to give the proof of Theorem 7.1, which will be given by considering the following two cases:
-Symplectic case
Throughout this section we will assume that ℓ ≥ 7. Suppose that G ℓ corresponds to a group lying in S 1 . Then according to Propositions 6.3.17, 6.3.19, 6.3.21 and 6.3.23 of [BHRD13] , PG ℓ must be an extension of degree at most 2 of one of the following groups (see [KL90] and [BHRD13] for the notation):
• PSL 2 (F 7 ) (of order 2 4 · 3 · 7), PSL 2 (F 7 ).2,
• PSL 2 (F 11 ) (of order 2 3 · 3 · 5 · 11), PSL 2 (F 11 ).2,
• PSL 2 (F 13 ) (of order 2 3 · 3 · 7 · 13), PSL 2 (F 13 ).2,
• PSL 2 (F 25 ) (of order 2 4 · 3 · 5 2 · 13),
• PSp 4 (F 5 ) (of order 2 7 · 3 2 · 5 4 · 13),
But as we have chosen p > 17, we have that these groups cannot occur as image of ρ proj . On the other hand, let G be an algebraic group over Z admitting an absolutely irreducible symplectic representation of dimension n. Then we can consider the corresponding map σ : G → GSp n,Z and the subgroup σ(G(F ℓ r )) of GSp n (F ℓ r ). There is a general philosophy which states that, for ℓ sufficiently large, all the maximal subgroups in class S 2 should arise from this construction for suitable G and σ (see Section 1 of [Lar95] and [Se86] ).
For example, if G = SL 2 and n is an even positive integer greater than 2, this group admits an absolutely irreducible symplectic representation of dimension n given by the (n−1)-th symmetric power of SL 2 . Then it gives rise to an embedding SL 2 ֒→ Sp n . This representation extends to a representation GL 2 → GSp n and the F ℓ r -points of the image of this representation gives rise to an element of S 2 (see Proposition 5.3.6.i of [BHRD13] ). In fact, according to Tables 8.29,  8 .49, 8.65 and 8.81 of loc. cit., this is the only kind of subgroups lying in the class of defining characteristic if 6 ≤ n ≤ 12.
In order to deal with this case we will use the well-known Dickson's classification of maximal subgroups of PGL 2 (F ℓ r ) which states that they can be either isomorphic to a group of upper triangular matrices, a dihedral group D 2d (for some integer d not divisible by ℓ), PSL 2 (F ℓ s ), PGL 2 (F ℓ s ) (for some integer s > 0 dividing r), A 4 , S 4 or A 5 .
Let PG q be the projective image of Ind G Qq G Q q n (χ q ) which is contained in PG ℓ . If PG q is contained in a group of upper triangular matrices, it is contained in fact in the subset of diagonal matrices because ℓ and 2p are coprime. But we know that PG q is non-abelian, then it cannot be contained in a group of upper triangular matrices. Moreover, PG q cannot be contained in A 4 , S 4 or A 5 because we have chosen p greater than 7. Now assume that PG q is contained in a dihedral group. As any subgroup of a dihedral group is either cyclic or dihedral and as PG q is non-abelian, we can assume that it is in fact a dihedral group of order np. This implies that PG q contains an element of order mp (with m ∈ N such that n = 2m), but we know that the elements of PG q have order at most p. Then PG q cannot be contained in a dihedral group. Therefore PG q should be isomorphic to PSL 2 (F ℓ s ) or PGL 2 (F ℓ s ) for some integer s > 0. As we are assuming ℓ ≥ 7, PSL 2 (F ℓ s ) is an index 2 simple subgroup of PGL 2 (F ℓ s ). But PG q contains a normal subgroup of order p, thus of index greater than 2 (because we are assuming n 6). Therefore, we have shown that the image of ρ ℓ cannot be a group of class S 2 . Then the first part of Theorem 7.1 is proved.
-Orthogonal case
According to Remark 5.3 and the construction in Section 6, the first case where we can apply our results to orthogonal groups is when n is equal to 12. In this case, as n ≡ 0 mod 4, it follows from section 1 that the image PG ℓ of ρ proj ℓ lies in PGO + (F ℓ r ). From Table 8 .83 of [BHRD13] we have that S 2 is empty. Then by Proposition 6.3.23 of loc. cit. we have that the candidates to be PG ℓ are extensions of degree 2 a (with a at most 3) of one of the following groups (see [KL90] and [BHRD13] for the notation):
• PSL 2 (F 11 ) (of order 2 2 · 3 · 5 · 11),
• PSL 2 (F 13 ) (of order 2 2 · 3 · 7 · 13),
• PSL 3 (F 3 ) (of order 2 4 · 3 3 · 13), PSL 3 (F 3 ).2,
• M 12 (of order 2 6 · 3 3 · 5 · 11), M 12 .2 or A 13 .
Then from the choice of p, we can conclude that these groups cannot occur as image of ρ proj . Therefore the second part of Theorem 7.1 is proved.
Finally, from Corollary 6.4 there exist compatible systems satisfying the conditions of Theorem 7.1 then we have the following result. To the best of our knowledge, the orthogonal groups in Corollary 7.5 are not previously known to be Galois over Q, except for s = 1 which was studied in [Zyw14] . The symplectic case was previously studied in [ADW17] , [ADW16] , [ADSW15] and [KLS08] .
